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We introduce here the Berkovich affine line A1
Berk as a topological space,

and shall see that it can be viewed as the direct limit (or union) of analytic
discs of positive radii. We shall extend Berkovich’s classification theorem
to A1

Berk and finally give a purely algebraic and intrinsic characterization
of the different types of points in A1

Berk.

Definition 0.1. As a topological space, we define A1
Berk to be, as a set, the collection

of all multiplicative seminorms [.]x on the polynomial ring K[T ] which extend the
absolute value on K. The topology on A1

Berk is the weakest one for which x 7→ [f ]x is
continuous for all f ∈ K[T ].

Let R > 0, we consider the Tate algebra

K〈R−1T 〉 = {
∞∑
k=0

ckT
k ∈ K[[T ]], Rk|ck| −−−−→

k→∞
0}

We define the Berkovich disc of radius R as

D(0, R) :=M(K〈R−1T 〉)

Lemma 0.2.
A1
Berk

∼=
⋃
R>0

D(0, R)

Proof. Let 0 < r < R, we consider the natural K-algebra homomorphism

π : K〈R−1T 〉 → K〈r−1T 〉

it induces a continuous map

ir,R :=M(π) : D(0, r)→ D(0, R)
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where for every f ∈ K〈R−1T 〉

|f |ir,R(x) = |π(f)|x

The map ir,R is injective, thus D(0, r) can be seen as a subspace of D(0, R) and it
makes sense to consider the direct limit (or union) of D(0, R).

We shall prove this by specifying continuous maps in each direction which are inverse
to one another.

(i)
⋃
D(0, R)→ A1

Berk : Consider

ϕ : K[T ] ↪→ K〈R−1T 〉

This induces -as above- a continuous map

iR : D(0, R) ↪→ A1
Berk

On the other hand, for r < R

ir : D(0, r)
ir,R−−→ D(0, R)

iR−→ A1
Berk

Hence by the universal property of the direct limit, we get the continuous map

i : lim−→
R>0

D(0, R)→ A1
Berk

(ii) A1
Berk →

⋃
D(0, R) : Let x ∈ A1

Berk, R = |T |x.

For f =
∑∞
i=0 ciT

i ∈ K〈R−1T 〉, for M ≤ N we have

|[
N∑
i=0

ciT
i]x − [

M∑
i=0

ciT
i]x| ≤ max

M≤i≤N
{|ci|Ri}

Since |ci|Ri −−−→
i→∞

0, {[
∑N
i=0 ciT

i]x}N≥0 is a Cauchy sequence and therefor, by

completness,

lim
N→∞

[

N∑
i=0

ciT
i]x exists.

Now define
ψ : A1

Berk →
⋃
R>0

D(0, R)

where for every f ∈ K〈R−1T 〉

|f |ψ(x) = lim
N→∞

[

N∑
i=0

ciT
i]x
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The defined maps are indeed inverse of one another. To see this we take at first
[.]x ∈

⋃
D(0, R). This implies that [.]x ∈ D(0, R) for a large R >> 0.

i([.]x) = [.]x ◦ ϕ = [ϕ(.)]x = [.]x′

⇒ ψ ◦ i([.]x) = ψ([.]x′) where [T ]x′ = [ϕ(T )]x = R

Hence

[f ]ψ(x′) = lim
N→∞

[

N∑
i=0

ciT
i]x′ = lim

N→∞
[ϕ(

N∑
i=0

ciT
i)]x = [f ]x

(since the [.]x are continuous)

Similarly, for x ∈ A1
Berk we have that ψ([.]x) ∈ D(0, R), hence i([.]ψ(x)) = [.]ψ(x) ◦ ϕ.

Let ψ([.]x) = [.]x′′

i ◦ ψ([.]x) = i([.]x′′) = [ϕ(.)]x′′

It follows then that

[f ]i◦ψ(x) = [ϕ(f)]x′′ = lim
N→∞

[

N∑
i=0

ciT
i]x = [f ]x

Now consider x ∈ A1
Berk, we can enlarge R such that our x lands in a polydisc with

radius in |K×|.

Let a ∈ K, |a| = R and consider the following morphism K〈R−1T 〉 −→ K〈T 〉,
T 7−→ aT . This clearly induces a homeomorphism

D(0, R)
∼−→ D(0, 1)

We can extend Berkovich’s classification theorem to A1
Berk :

Theorem 0.3 (Berkovich’s Classification theorem). Every x ∈ A1
Berk can be realized

as
[f ]x = lim

i→∞
[f ]D(ai,ri)

for some sequence of nested closed discs D(a1, r1) ⊇ D(a2, r2) ⊇ ... contained in K.
If this sequence has a nonempty intersection, then either :

1. the intersection is a single point a, in which case [f ]x = |f(a)|, or

2. the intersection is a closed disc D(a, r) of radius r > 0, in which case [f ]x =
[f ]D(a,r).



4

Thus, it makes sense to speak of points of types I, II, III, and IV in A1
Berk corre-

sponding to the seminorms associated to classical points, ‘rational’ discs D(a, r) with
radii in |K×|, ‘irrational’ discs D(a, r) with radii not in |K×|, and nested sequences
{D(ai, ri)} with empty intersection, respectively. We will now give a more intrinsic
characterization of the different types of points. For each x in A1

Berk define its local
ring in K(T ) by

Rx = {f = g/h ∈ K(T ) : g, h ∈ K[T ], [h]x 6= 0} (1)

There is a natural extension of [.]x to a multiplicative seminorm on Rx, given by

[g/h]x = [g]x/[h]x

for g, h as in (1).

Let [R×x ]x be the value group of [.]x. Put

Ox = {f ∈ Rx : [f ]x ≤ 1} , mx = {f ∈ Rx : [f ]x < 1}

and let k̃x = Ox/mx be the residue field. Recall that K̃ = K◦/K◦◦ denotes the residue

field of K. Recall also that we are assuming that K (and hence K̃) is algebraically
closed.

Proposition 0.4. Given x in A1
Berk we have the following :

(A) x is of type I ⇔ Rx  K(T ), [R×x ]x = |K×|, and k̃x = K̃ .

(B) x is of type II ⇔ Rx = K(T ), [R×x ]x = |K×|, and k̃x = K̃(t), t transcendental

over K̃.

(C) x is of type III ⇔ Rx = K(T ), [R×x ]x ! |K×|, and k̃x = K̃ .

(D) x is of type IV ⇔ Rx = K(T ), [R×x ]x = |K×|, and k̃x = K̃ .

Proof. The possibilities for the triples (Rx, [R×x ]x, k̃x) are mutually exclusive, so it
suffices to prove all implications in the forward direction. Note that we always have
|K×| ⊂ [R×x ]x

(A) Let x be of type I, i.e. x a ∈ K and [f ]x = |f(a)|.
– Rx  K(T ) : Indeed, we can see that ma = T − a ∈ K(T ) \ Rx.

– [R×x ]x = |K×| : Comes clearly from the fact that [f ]x = |f(a)| ∈ |K×|
– k̃x ∼= K̃ : Consider

α : Ox → K◦ � K̃ = K◦/K◦◦

f 7→ f(a) 7→ f(a) +K◦◦

α is surjective since Ox → K◦ is ( K◦ ⊂ Ox ) hence we get an isomorphism

O/ kerα ∼= K̃

where kerα = {f ∈ Ox, f(a) ∈ K◦◦} = {f ∈ Rx : [f ]x < 1} = mx
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(B) Let x be of type II, i.e. x D(a, r) with r ∈ |K×|.
– Rx = K(T ) : This is due to the fact that no nonzero polynomial can vanish

identically on D(a, r), in fact for h =
∑
bi(T − a)i we have

[h]x = max
i
|bi|ri = 0⇔ ∀i : bi = 0⇔ h = 0.

– [R×x ]x = |K×| : Let g ∈ K[T ], the non-Archimedean maximum principle
(see ([2] Proposition 3, p. 197) states that

[f ]x = max
x∈D(a,r)

|f(x)|

Hence, there is a point p ∈ D(a, r) where the maximum is attained, and for
which [g]x = |g(p)| ∈ |K×|, from which follows the wanted result.

– k̃x = K̃(t) : Let c ∈ K× satisfy |c| = r, and let t ∈ k̃x be the reduction of

(T − a)/c. We claim that t is transcendental over K̃.

Suppose that t is algebraic over K̃ ⇔ ∃P̃ ∈ K̃[T ], non zero, such that
P̃ (t) = 0 Let n > 0 be minimal such that

tn + ãn−1t
n−1 + ...+ ã0 = 0

with ãn−1, ..., ã0 ∈ K̃. Let ai be preimages of ãi as follow :

π : K◦ � K̃, π(ai) = ãi, π(
T − a
c

) = t

and

P =

n∑
i=1

ai(
T − a
c

)i =
∑
i

ai
ci

(T − a)i

In particular,

[(
T − a
c

)n + an−1(
T − a
c

)n−1 + ...+ a0]x < 1 in k̃x (2)

But, since we know that

[f ]x = max
b∈D(a,r)

|f(b)| ⇒ [P ]x = [P ]D(a,r) = max
i

|ai|
|ci|

ri = max
i
|ai| < 1

Hence we get |ãi| = 0 in K̃ ∀i which is impossible.

(C) Let x be of type III, i.e. x D(a, r) with r 6∈ |K×|.
– Rx = K(T ) : By the same argument as in (B).

– [R×x ]x ! |K×| : Indeed, [T − a]x = r 6∈ |K×| so |K×|  [R×x ]x =< |K×|, r >
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– k̃x = K̃ : Let f = g/h ∈ K(T ). We claim that f has a constant reduction
for certain polynomials g, h and [f ]x ≤ 1. Indeed, let

g(T ) =

m∑
i=0

bi(T − a)i h(T ) =

n∑
j=0

cj(T − a)j

Note that for i 6= j : |bi|x|T − a|jx 6= |bj |x|T − a|jx (since one factor is in the
value group and the other is not) hence we get by the ultrametric inequality
(Lemma 1.1)

[g(T ) =

m∑
i=0

bi(T − a)i]x = max
0≤i≤n

[bi]xr
i = [bi0 ]xr

i0

similarly, there exist a j0 index such that

[h(T )]x = [cj0 ]xr
j0

Now if [f ]x = [g]x/[h]x = 1, we have that

|bi0 |ri0 = |cj0 |rj0 ⇔ i0 = j0

Now we have that

|bi|ri ≤ [h]x(= [g]x)⇒ |bi|r
i

[h]x
≤ 1⇒ |bi0 |r

i0

[h]x
= 1 and

|bi|ri

[h]x
< 1 for i 6= i0

Hence, by passing modulo mx

f =

m∑
i=0

bi(T − a)i

h
≡ bi0(T − a)i

h
mod mx

By the same process on f ′ = h/g we obtain

|ci0 |ri0
[g]x

= 1 and
|ci|ri

[g]x
< 1 for i 6= i0

and thus finally

f ≡ bi0(T − a)i

ci0(T − a)i
≡ bi0
ci0

mod mx

(D) Let x be of type IV, i.e. x  a nested sequence of discs {D(ai, ri)} with empty
intersection.

– |K×| = [R×x ]x : For each n where D(an, rn) contains zeros of g ∈ K[T ], ∃N
such that D(aN , rN ) does not contain any of the zeros of g (the discs have
empty intersection).
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Let b1, ..., bk 6∈ D(aN , rN ) be zeros of g = c(T − b1)...(T − bk) and y ∈
D(aN , rN ) ⊂ K.

We have that

[g]y = [c(T − aN + aN − b1)...(T − aN + aN − bk)]y

Since [T −aN ]y ≤ rN and [aN−bi]y > rN we have that [T −aN +aN−bi]y =
[aN − bi]y and thus

[g]y = |g(y)| = |c(aN − b1)...(aN − bk)| is constant

and finally
[g]x = inf

i
[g]D(ai,ri) = [g]D(aN ,rN )

x can not be of type I since the nested sequence has empty intersection, it
is then of type II or III, if we have points of type III, we can always find a
point of type II simply by taking an r′′ between two r and r′ of points of
type III.

– Rx = K(T ) : From (B) and (C) we have also that Rx = K(T ).

– k̃x = K̃ : Now as done in (C), let f = g/h ∈ K(T ) such that [f ]x = 1.
There exists an N for which [g]x = [g]D(aN ,rN ) and [h]x = [h]D(aN , rN ), we
get necessarily that [g]x = [h]x from ([1] Corollary A.19 in Appendix A) we
have that |g(z)− g(aN )| < |g(aN )| and since

[g−g(aN )]x = inf
i

[g−g(aN )]D(aN ,rN ) = max
z∈D(aN ,rN )

|g(z)−g(aN )| < |g(aN )| = [g]D(aN ,rN ) = |g|x

(since |g(z)| is constant on D(aN , rN )) Similarly, we get that

|h− h(aN )|x < |h|x

Hence we get

f =
g

h
=
g + g(aN )− g(aN )

h
=
g − g(aN )

h
+
g(aN )

h

Since [g]x = [h]x and [ g−g(aN )
h ]x < [ gh ]x = 1 we get that

f ≡ g(aN )

h
mod mx

By doing the same procedure (again) on f ′ = h/g we get that [h−h(aN )
g ]x < 1

and thus

f ≡ g(aN )

h(aN )
mod mx
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