The Berkovich affine line A},

Sidi Mohammed Boughalem (shinokiz@gmail.com)
30. April 2018

We introduce here the Berkovich affine line AL, as a topological space,
and shall see that it can be viewed as the direct limit (or union) of analytic
discs of positive radii. We shall extend Berkovich’s classification theorem
to AL ori and finally give a purely algebraic and intrinsic characterization
of the different types of points in AL_ .

Definition 0.1. As a topological space, we define AL _ . to be, as a set, the collection
of all multiplicative seminorms [.], on the polynomial ring K[T)| which extend the
absolute value on K. The topology on AL, . is the weakest one for which x> [f], is
continuous for all f € K[T].

Let R > 0, we consider the Tate algebra
K(R'T) ={)_ exT* € K[[T]], R¥|ex| —— 0}
—o k—o0
We define the Berkovich disc of radius R as
D(0,R) := M(K(R™'T))

Lemma 0.2.

AlBe'rk = U D(O7R)
R>0

Proof. Let 0 < r < R, we consider the natural K-algebra homomorphism
7 K(RT'T) — K(r~'T)
it induces a continuous map

ir.g == M(r) : D(0,7) = D(0, R)
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where for every f € K(R™'T)

f

The map i, g is injective, thus D(0,r) can be seen as a subspace of D(0,R) and it
makes sense to consider the direct limit (or union) of D(0, R).

inn(@) = [T(f)le

We shall prove this by specifying continuous maps in each direction which are inverse
to one another.

(i) UD(0,R) — AL, : Consider
¢: K[T) < K(R™'T)
This induces -as above- a continuous map
ir : D(0,R) < Ap,p
On the other hand, for r < R
i : D0, 1) 2% D(0, R) 5 AL,
Hence by the universal property of the direct limit, we get the continuous map

i: lim D(0, R) = Aj,,,
R>0

(i) AL . - UDO,R): Let x € AL ., R=T|,.

For f =2 ¢ T" € K(R™'T), for M < N we have
N M
N T | < | R
I[Z; eiT']a [Z; Tl < max {le] R}
i= i=

Since |c;|R? —— 0, {[Zﬁo cl-Ti]x}N>0 is a Cauchy sequence and therefor, by
1—>00 ’ -

completness,
N
li T ists.
Ngnoo[z ¢; T, exists
i=0
Now define

Y Aper = | DOR)
R>0

where for every f € K(R™'T)

N
| fly(@) = I&EHOO[Z ciT'],
1=0



The defined maps are indeed inverse of one another. To see this we take at first
[]= € UD(0, R). This implies that [.], € D(0, R) for a large R >> 0.

i([]a) = [Ja oo = ()] = []ar
= Y oi(lle) = ¥([Jar) where [T]or =[p(T)]. = R

Hence

N
[fly@y = lim [Zcﬂ" »= lim | Zcle
=0

N—o00 4 N~>oo

(since the [.], are continuous)
Similarly, for € Aj,_ ., we have that ¢([.];) € D(0, R), hence i([.]y(x)) = [l © ¢

Let ([.]z) = [Jor
ioY([Jz) = i([Jar) = [p()]ar
It follows then that

[fliow(z) = [p(f)]ar = lim | ZQTZ _

N—oc0

O

Now consider z € AL_ ,, we can enlarge R such that our x lands in a polydisc with
radius in |K*|.

Let a € K, |a]| = R and consider the following morphism K(R™'T) — K(T),
T —— aT. This clearly induces a homeomorphism

D(0, R) = D(0,1)
We can extend Berkovich’s classification theorem to A}Berk :

Theorem 0.3 (Berkovich’s Classification theorem). Every x € A}, can be realized

as
[f]z = lim [ﬂD(aimi)
11— 00
for some sequence of nested closed discs D(a1,71) 2 D(ag,7m2) 2 ... contained in K.

If this sequence has a nonempty intersection, then either :
1. the intersection is a single point a, in which case [f]. = |f(a)|, or

2. the intersection is a closed disc D(a,r) of radius r > 0, in which case [f|z =
[f]D(a,r) .



Thus, it makes sense to speak of points of types I, I, III, and IV in AL_ . corre-
sponding to the seminorms associated to classical points, ‘rational’” discs D(a,r) with
radii in |K*|, ‘irrational’ discs D(a,r) with radii not in |K*|, and nested sequences
{D(a;,r;)} with empty intersection, respectively. We will now give a more intrinsic
characterization of the different types of points. For each z in AL_ . define its local
ring in K(T') by

Ry ={f=g/he K(T):g,h € K[T],[h], # 0} (1)
There is a natural extension of [.], to a multiplicative seminorm on R, given by
[9/h2 = [9]2/[M]a
for g, h as in .

Let [R)]: be the value group of [.],. Put
Om:{fERx[f]xgl} ; mz:{feRm[f]m<1}

and let ky = O, /m be the residue field. Recall that K=K° /K°° denotes the residue

field of K. Recall also that we are assuming that K (and hence K) is algebraically
closed.

Proposition 0.4. Given x in Ak, , we have the following :

(A) x is of type [ & Ry G K(T), [RX]e = |K*|, and ky = K .

(B) x is of type Il & R, = K(T), [R;]. = [K*|, and ke = K(t), t transcendental
over K.

(C) x is of type IIl & Ry = K(T), [RX]e 2 |K*|, and ky = K .

(D) x is of type IV < Ry = K(T), [RX]y = |K*|, and ky = K

Proof. The possibilities for the triples (Rq, [R}]s,ks) are mutually exclusive, so it
suffices to prove all implications in the forward direction. Note that we always have
K| C [Ry]a

(A) Let x be of type I, i.e.  ~ a € K and [f]. = |f(a)].
-~ R, & K(T) : Indeed, we can see that m, =T —a € K(T)\ R
— [RX]. = |K*| : Comes clearly from the fact that [f], = |f(a )| € \KX|
— ke K : Consider
a:0, - K°—» K = K°/K
f s fla) > fla) + K
« is surjective since O, — K° is ( K° C O, ) hence we get an isomorphism

O/kera = K
where kera = {f € O,, f(a) e K*°} ={f € Ry : [flo <1} =m,



(B) Let x be of type II, i.e. x ~ D(a,r) with r € [K*|.
— R, = K(T) : This is due to the fact that no nonzero polynomial can vanish
identically on D(a,r), in fact for h = " b;(T — a)® we have

[h], = max |b;|r' =0 Vi:b; =0« h=0.

— [RX¥]. = |[K*| : Let g € K[T], the non-Archimedean maximum principle
(see ([2] Proposition 3, p. 197) states that

fla = LB |f(z)]

Hence, there is a point p € D(a,r) where the maximum is attained, and for
which [¢], = |g(p)| € |K*|, from which follows the wanted result.

~ ky = K(t) : Let ¢ € K* satisfy |¢| = 7, and let ¢ € k, be the reduction of
(T — a)/c. We claim that ¢ is transcendental over K.

Suppose that ¢ is algebraic over K < 3P € K [T], non zero, such that
P(t) = 0 Let n > 0 be minimal such that

"t Ay 1t" P +ap=0

with @,_1,...,a9 € K. Let a; be preimages of a; as follow :

T—a
c

T:K° - K, w(a;)=a; )=t

and

P=Ya(l 0 =3 %r - ay
=1

i
In particular,

(= g, (I

. L tao)e <1 in Ky (2)

But, since we know that

e = O] = [Pl = [Plogury = max (10t~ max o <1

Hence we get |d;| = 0 in K Vi which is impossible.
(C) Let x be of type III, i.e. & ~> D(a,r) with r & |K*|.
— R, = K(T) : By the same argument as in (B).
- [RX]z 2 |K*| : Indeed, [T'—a], =7 & |[K*| so |K*| & [RS]. =< |K*|,r >



~ ky =K : Let f = g/h € K(T). We claim that f has a constant reduction
for certain polynomials g, h and [f], < 1. Indeed, let

o(T) =Y b(T =)} (D)= (T ~a)

Note that for i # j : |b;|.|T — ali # |bj|.|T — al’, (since one factor is in the
value group and the other is not) hence we get by the ultrametric inequality

(Lemma 1.1)
9(7) = 30T ~ 0 )2 = goa filar* = Bilor

similarly, there exist a jo index such that
[M(T)]. = [Cjo]zrjo
Now if [f]z = [9]x/[h]= = 1, we have that
[biy 1™ = lejolr? & o = o

Now we have that

; |bir* [big | |bir’ o
bi|r* < [hlo(=9]z) = <l= =1 and <1 fori#i
Hence, by passing modulo m,,
" b (T — a)t b; (T — a)*
f:; (h )—ZO(h ) mod m,
By the same process on f' = h/g we obtain
. |pto et
o7 =1 and leilr < 1 fori # iy
[9]a [9]a
and thus finally ‘
bi,(T —a)* b
fzi"( @) = mod m,

cio (T —a)t ¢,

(D) Let = be of type IV, i.e. x ~ a nested sequence of discs {D(a;,7;)} with empty
intersection.

— |K*| =[R}]s : For each n where D(ay,r,) contains zeros of g € K[T], IN
such that D(ay,rn) does not contain any of the zeros of g (the discs have
empty intersection).



Let by,...,br & D(an,rn) be zeros of g = ¢(T — by)...(T — by) and y €
D(ay,rNn) C K.

We have that

gly = [c(T —an +an —b1)...(T —an +an — b)ly

Since [T —an]y < 7y and [ay —b;], > rn we have that [T —an +an —b;]y =
l[an — b;]y and thus

l9ly = 9(v)| = |c(an — b1)...(an — by)| is constant

and finally

[g](l? = llzlf[g]D(al’l“l) = [g]D(aN,rN)
2 can not be of type I since the nested sequence has empty intersection, it
is then of type II or III, if we have points of type III, we can always find a
point of type II simply by taking an r”" between two r and r’ of points of
type IIL

R, = K(T) : From (B) and (C) we have also that R, = K(T).

ky = K : Now as done in (C), let f = g/h € K(T) such that [f], = 1.
There exists an N for which [g]. = [g]p(ay,ry) and [h]e = [h]p(an,N), We
get necessarily that [g], = [h], from ([1] Corollary A.19 in Appendix A) we
have that |g(z) — g(an)| < |g(an)| and since

[g_g(aN)]w = iIilf[g_g(GN)]D(aN,rN) = max |g(z)_g(aN)| < |g(aN)| = [g]D(aN,TN) = |g|$

z€D(an,rn)
(since |g(2)| is constant on D(ay,ry)) Similarly, we get that
|h = h(an)]e <[hls
Hence we get

g9 _gtglan) —glay) _ g-glay)  glan)
h h h

f=

>

Since [g]z = [h]. and [%(GN)]E < [£]s =1 we get that

f= 9(ax) mod m,
h
By doing the same procedure (again) on f/ = h/g we get that [%(QN)]I <1
and thus (an)
glan
= mod m,
/ h(an)
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